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1. Let 1 and 1V be vector spaces and let T': V — IV be a linear transformation. Suppose A; and A, are subspaces of V.

Read and then write a critique the following "proof” that T(A; N Ag) = T(A;) NT(Az). The proof consists of five lines,
at a minimum, which lines are not correct; where exactly the

not including assumptions. Your critique should identify,
f breaks down: and what exactly are the incorrect statements or deductions.

proo
"Proof”:
Suppose that x € T(A; N Az).

Line 1: Then there exists a vector y € A; N Az such that Ty = x.
Line 2: Since y € A; and y € Az, we have Ty € T(A;) and Ty € T(Az2), so that x € T(A1)N T(Az).In other words, we
have shown that T'(4; N A2) C T(A;) NT(Az).

Now suppose that x € T(A;) NT(A2).
ay € Ap such that Ty = x.

Line 3: Then there exists a vector y € Ay such that Ty = x and there exists
(A; N Az). In other words, we have shown that T(A;) NT(Az) € T(A1 N Az).

Line 4: But, y € AN A sothat xe€T
we have T(A; NA2) =

Line 5: Since we have shown both T(4; N Az) € T(A1)N T(Az), and T(A;)NT(A2) € T(A;NAz)

T(A1) NT(Az).

After @xomﬁqﬁqg the proof, lines 3 and 4 make rncO.-re,ctasgumPH.OhQ and
deductfons, and therefore e proof breaks clown at \ine & and 4
[In ifne 3] +he proof assumes +nat e ransformatlon T £ V—w fe fnjective..

Ci.e. +he tronsformation fs one to one). Tr basfcally implies that only

one vector Ye b and Y&h, exists swdh #at Ty = X. However, +his 1S
, as +there can be Mmore Bran one vector

a Palse [mcorreck aceumption
; 2
I Al Lonere Ty= X and more than one vector n A Where Ty =%
Herce 4his 8ssumption S fincomreck.

|er-.e Ll makes an Thcorreck deduction Hom the wrang assumphon macdie
earlfer N Ine 3. For instance, due to the fact hat more Hhan one veodr n

A, can be mapped fo X € T(A) NT(AD), [+ means dhat thee can be Q vedor

4.€h but mor in AN Ay Fhat can be mapped Y Ty = X. Similany theve
ot §s mot fh AN Rz Lor Whith T3'=’X-

caon also be A vector y & As 4
As a reswt, ..:-eveq veoor y € A thot geis mapped by Ty =% and
every Yeetvr: Yyeh, thak Gets mapped by TY =/X Wmay mot necessanly
N p\z and +here,fnve.

be in Yeh NhAo. hs cuth Y is «ncH:-‘ a\ways tn A,
Yong- Coﬁeépond?nghﬂ e srai—emcnt’)(&‘f({hnﬂg

+he begrnnfng of hne 4 fs W
Cannot be de_quc,e_d_’ﬂ’l'erafore_- Line 4 doesnh'+hold, oand we

camnot condude that TCAD O TAL € TCAN 993




2. Let c € R, and let T': P,(R) = P,(R) be the linear transformation defined by T'(p(z)) = ep(z) — zp/(z)

Determine all values of ¢ such that T is bijective?

IF T is an isomorphism (l.e. bijechve) ,4hen i s both mJCC’WG 8nd surjecive
by defnTHon. To cletermfne Ahe values of C Such that T s bUe'Chve'

Coneider A polynomial p(x) _o(ldL.gree_ T, Where =
. We Know T will
+ Qn'X be curjective for

PCx) = Go =+ O, x + Qa2 %2 4+ .
| any value of C

Then  P0x) = q, 4 20, X+ 3qsxz 4 +NAnX"" e Y
XPIU(Q = Qi X +2a.%X*+ 2a3%3 + __ .t NGa X" %B%_ ’
where 01,0z, ---.an are all real coeffferents :-lMT_ .
T(p(x)) = CpCx) — X P7(X) T
= ClAo+0a,X+---+ dﬂfx“) — (Q,fx+2019<+.-_.+ Y\On‘xh)
~ COo+ (C-L)a1X+ (C-2)02%2 + .. __4 (c-n) GaX"

= 2 (C—-T’)On»’xn

To C\Eﬁ"’lr‘f‘*ﬂc_ Wae C,cr\dlhcng on C, we yeed to derermine He values of c
£ov whidn T s mct tnfedtive (3 p(x) #0 such +hat TCp(x)=0).
_polyn crwa}g)

for T Yo be vion-injective , we can consider non~Fes menomials (.2
c_ms.;hng of single terms) of dec_jree.sw sudn Ynat Tpix))= 0, for any noq- ~rece 9(x)

TE®E)=CAo =0 —s C=0

PO = Qo
Tp(x)= caX - X =(C-Doyx=0—r c= 1

* 0- -degree wonomial

* St —degree . vonomial P(X) = QX
279 _degiee. monomial P9 = G2X* T(p(X)= CAzx* -2azX = (=2)U2X* <0~ c=2

-
L d
&

3 ~dejreg Mo nomial PR = 03%% T(px) = CaSKE‘Sa;‘}‘E'—'—CC'—J‘)aE'X} 0—>c=3

L
’
[

L] L h— 3
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where 0o, Oiy Oz9<+. ) An G IR -are” mon-zero t'oethc,i’crﬂ:szt‘e- P(')Q?éo)

65 C.Ohgdefms YiOn-Zero yonomlals such Hhatk TCP(?’C))SO, we Know that for

¢=0,1,2,3, -..,m, there exists mon- 2exo P . for wnieh; TREX)=0.

ThT Simply megns that for €= 0,1,2,3, ., T fs mot injective (and therefore

Mot bijective), -

H ) o C é R 5 whed
ence y we can conclude, that in order for T 1o be bujcd'?ve,

C# 01L,2,%,...m,




3. Let Voand W be vector spaces, and let T : V7 — W be a linear transformation. Let vi.va, va be a basis for V.

(a) Prove that if T is bijeetive. then Tvy. Tva. Ty is a basis for W, |
K T s biie,d"i'»ﬁ, N {nJc‘;c'F\,e, andl 6uU'e,C}l'w& 1
hecording Yo e definibon of bags, Tu,u w & €V is abinis dor ¥
YA, ish'i/l?m’l‘f] iﬂdq?a«den‘f ancl Spens V,

Suppre H}ey\):‘—)ﬂ FonME ';(561} suth Huat T'C%)f&j/ | |
Since 01, %a, Y1 & Spans V, % lon Jot descrinech us a lirear cowbiywl.pv_r ! ’ 4
o‘\’h HJ.& f,-PCWl,

x =z Y TGO Yo+ Cs Ra whert Lijcwc"{-,em

Becuwst T (% Sur\je,c.h?\/ﬂ‘. |
g = T =Ty + CaTat CaTy o whone c.,)c.,}cbé:TQ..

".FLM"J, Since x € Spun 21)31)3%% 2 (&-’-T(%) € P ETXJ JTQ?;T}*{‘E :

ﬂcwrcli?a b {{,(, clecw'hqﬁ" d? lx.e,c,*;/ 31‘2, y TEHT‘Y,B?; s Jmec-rlj incETcw.f@H ‘

Tuus Ty + 3T, + 5Ty =0 iff G=cy=2¢, =0

chofcj;"a o l""\—@f«*rt‘ﬁ\j) |
Tl ¥+ ¢650,) =0 . "’
Sinee T 19 ih;\C.C,'HU&: .
CR 4 €Y, 16U, =0, ff ¢ =¢,= ¢ =0
Thus , hecanse éy,, e, g}} % lfm,p(j [nd@?ﬂ(‘%‘*’: ancl hecauge T
% iaJCc,Lve,, ‘2‘7‘3],‘1’%“@;% % Ti“earlj incle penclent.

5 Because T 05 bjé’c FU&, %TJ{,, T%,, Tz.fz Spans W and i< ]in.earlrj i
\hc‘t?&wd%{' Tang ?T}i, JTR'HT-‘)-—S?; s a bas for W




3. Let Voand W be vector spaces. and let 7: V' — IV be a linear transformation. Let vy. Vo, vs be a hasis for V.

(b) Prove that if T'vy. Tva. Tva is a basis for . then T is bijective. |
£ T s b.'__')er.}‘{\'e, 1 s ir\')ecHue el 5ka££41'4., : *
Aeadivg Yot definition of bascs §TY, Tu, T, % is a beis bor W |
(£ kT spens W and 5 linearly .‘ncle’xwdfm’h - E

Suppre e = 4 e & eV such flet Tz =4
| ; & !'I‘ A

Se 3T, yT9,, TYak Fpans W, 56"} can le writfer ¢ a likea— I
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™5 T » iwdcokuef/ He  dinension Sraula skdes et

dim Ker (1) + dim in (T = dim V' Ty, ker (T)=325
6uppo?€/T(%)—" 2

Z =Y GY,  CY s, whet € ,C0, ¢ ek
Thocder tor THo bbe injeche:

TEYTOTY (o T 64Ty =00 vhoe Ciyly, el

fi

e ETQUT}\)'L 1723% 15 the basis for Vl/, T ,“;I.m/!j ihc(e,,ﬁc»gfe.u'-‘

s, fochire Tx)=0 (ff ¢ 01, =00 %, =2 o
o o 0,00 i5iajeche, i

fo o usult Vo (1) =fRE and dis Ver (1320, J B (E
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